The Sturmian expansion of the generalized Dirac-Coulomb Green function [R. Szmytkowski, J. Phys. B 30, 825 (1997); 30, 2747(E) (1997] is exploited to derive a closed-form expression for the magnetizability of the relativistic one-electron atom in an arbitrary discrete state, with a pointlike, spinless and motionless nucleus of charge Ze. The result has the form of a double finite sum involving the generalized hypergeometric functions 3F2 of the unit argument. Our general expression agrees with formulas obtained analytically earlier by other authors for some particular states of the atom. We present also numerical values of the magnetizability for some excited states of selected hydrogenlike ions with 1 Z 137 and compare them with data available in the literature.
I. INTRODUCTION
The interaction of atoms and molecules with electromagnetic field is arguably one of the most commonly reported physical issues. Not infrequently, a quantitative description of these processes in macroscopic scale comes down to determine the electric and/or magnetic susceptibilities of considered particles. Theoretical investigations of the physical quantities for the simplest systems, like one-and two-electron atoms, were carried out already in the early years of quantum mechanics, and the results were exhaustively presented by Van Vleck [1] , which discussed the magnetizability of nonrelativistic hydrogenlike ions. The first relativistic calculations of this susceptibility for oneelectron atoms were conducted in 1974 by Granovsky and Nechet [2] and, independently, by Manakov, Rapoport, and Zapryagaev [3] . In somewhat different ways, they derived an analytical expression for the magnetizability (χ) of the ground state of the Dirac one-electron atom, which contains the hypergeometric function 3 F 2 of the unit argument. Both calculations were based on the perturbation theory combined with the Green function technique. The differences in the two approaches concerned the type and form of the utilized Green function. The first group used the integral representation of the radial parts of the first-order Dirac-Coulomb Green function, whereas the second one exploited the Sturmian expansion of the second-order Dirac-Coulomb Green function, proposed by them at the beginning of the 1970's [4, 5] . A few years later, Manakov et al. extended their considerations to states with zero radial quantum number [6] [7] [8] (see also Ref. [9] ). The formula for magnetizability of the atomic ground state was later rederived by Szmytkowski [10] , who used the expansion of the first-order generalized Dirac-Coulomb Green function in the Sturmian basis [11] (for other applications of that powerful technique, see Refs. [12] [13] [14] [15] [16] [17] [18] ).
All the aforementioned theoretical investigations of this susceptibility were performed only for some particular states of the atom. To the best of our knowledge, more general analytical calculations of χ, have never been carried out. This prompted us to find the closed-form expression for the magnetizability of the relativistic one-electron atom being in an arbitrary discrete energy eigenstate. For this purpose, we exploited the above-mentioned Sturmian expansion of the first-order Dirac-Coulomb Green function, proposed by Szmytkowski in Ref. [11] .
II. PRELIMINARIES
We consider a relativistic hydrogenlike atom placed in a weak, static, uniform magnetic field of induction B (directed along the z axis of a Cartesian coordinate system). With regard to the atom, we assume that the mass and charge of the electron are m e and −e, respectively, and that its nucleus is motionless, point-like, and spinless, with the electronic charge +Ze. The energy eigenvalue problem for bound states of such system is established by the Dirac equation
supplemented by the boundary conditions
In Eq. (2.1), α and β are the standard Dirac matrices [19] , whereas the vector potential A(r) written in a symmetric gauge has the form
From now on, we shall assume that the magnetic field is weak enough to allow us to treat the electron-field interaction operatorĤ
as a small perturbation of the Dirac-Coulomb Hamiltonian describing an isolated atom. The corresponding zerothorder bound-state eigenproblem is given by the equation
and the boundary conditions
In the absence of external perturbations, the atomic state energy levels are
with
and
where n is the radial quantum number, the Dirac quantum number κ is an integer different from zero, while α denotes the Sommerfeld's fine-structure constant and should not be confused with the Dirac matrix α. The eigenfunctions of the Dirac-Coulomb problem (2.5)-(2.6) associated with the eigenvalue E
nκ are given by 10) where Ω κµ (n r ) (with n r = r/r, κ = ±1, ±2, . . . and µ = −|κ| + 2 ) are the orthonormal spherical spinors defined as in Ref. [20] , with the space quantization axis chosen along the external magnetic field direction, while the radial functions are normalized to unity in the sense of
and are explicitly given by
n (ρ) is the generalized Laguerre polynomial [21] , a 0 denotes, as usual, the Bohr radius, and
It is easy to show that the functions from Eq. (2.10) are adjusted to the perturbationĤ (1) given in Eq. (2.4), i.e., they diagonalize the matrix of that perturbation. Utilizing this fact, the solutions of eigenproblem (2.1)-(2.2), to the lowest order in the perturbing field, may be approximated as
We assume that the corrections Ψ (1) (r) and E (1) are small quantities of the first order in B = |B|; they solve the inhomogeneous differential equation
Under the assumption that 19) after carrying out some simple transformations from the standard perturbation theory, we obtain (2.20) and
is the generalized Dirac-Coulomb Green function associated with the energy level (2.7) of an isolated atom. Since it is Hermitian in the sense ofḠ
and satisfies the following orthogonality condition:
the formula (2.21) for the first order correction to the wave function becomes
In the rest of this paper, for readability, we shall omit all the subscripts on Ψ
nκµ and Ψ
nκµ .
III. MAGNETIZABILITY
The atomic magnetizability χ is defined through the relationship
where µ 0 is the permeability of vacuum, while
is an induced magnetic dipole moment of the atom, with
being the first-order contribution to an induced current density in the perturbed atomic state Ψ(r). Plugging Eq. (3.3) into (3.2), after integrating by parts with use of the boundary conditions satisfied by functions Ψ (0) (r) and Ψ (1) (r) at infinity, we arrive at
On substituting the last equation into the definition (3.1), utilizing also the formula (2.24) and Maxwell's identity µ 0 ǫ 0 c 2 = 1, keeping in mind the direction of the perturbing field, i.e. B = Bn z , we obtain
The symbol Re has been omitted, because the above double integral is obviously real.
To determine the integrals on the right-hand side of Eq. (3.5), we shall exploit the relation (see Eq. (3.1.6) in [20] ) (3.6) and the following partial-wave expansion of the generalized Dirac-Coulomb Green function:
Carrying out integrations over the angular variables, and taking advantage of the orthogonality relation for the spherical spinors
the expression (3.5) for the magnetizability takes the form
is the radial generalized Dirac-Coulomb Green function associated with the combined total angular momentum and parity quantum number κ ′ . Let us rewrite Eq. (3.9) in the following form:
with the components defined by the action of appropriate Kronecker's deltas in the aforementioned formula. Because the Sturmian expansions of the radial generalized Dirac-Coulomb Green function differ in the cases κ ′ = κ and κ
the first term on the right-hand side of Eq. (3.11), i.e. χ κ , will be derived with the aid of the formula (3.13), whereas the two other constituents will be determined collectively, using Eq. (3.12). In the last two equations
are the radial Dirac-Coulomb Sturmian functions associated with the hydrogenic discrete state energy level, and 16) where
is a so-called apparent principal quantum number, which takes the positive values if n ′ > 0 and negative if n ′ < 0; for n ′ = 0, in the definition (3.17) one chooses the plus sign if κ ′ < 0 and the minus sign if κ ′ > 0. Furthermore, the
nκ (r) and K
nκ (r), also appearing in Eq. (3.13), are defined as [11] 
According to the procedure described above, χ κ can be written as a sum
with the components 
with some labor, one can show that
and 
and the orthogonality relation [22, Eq. (7.414.3)]
after taking into account Eq. (2.8), one gets
To find the expression for R 
where
After somewhat tedious calculations, the expression (3.33) may be cast into a much simpler form
Inserting Eqs. (3.27), (3.32) and (3.37) into Eq. (3.21), with some labor we find that the constituent χ κ of the magnetizability is
We turn now to the derivation of expressions for the two remaining components of χ. As we have already mentioned, according to formulas given in Eqs. (3.9) and (3.11), their sum may be written as
where we have defined
To tackle the first radial integral on the right-hand side of above equation, we shall exploit Eqs. (3.14), (3.15), (2.12), and (2.13), with the Laguerre polynomials written in the form
and transform the integration variable according to x = 2Zr/a 0 N nκ , yielding
Utilizing the following formula [ [22] , Eq. (7.414.11)]
and again the relation (3.17), after some further simplifications we obtain
Proceeding in a similar way, one gets
Plugging Eqs. (3.16), (3.43), (3.45) and (3.46) into Eq. (3.40), after some rearrangements involving, among others, the identity
we arrive at
and analogously for Z n κκ ′ (p). The above result may be simplified considerably if in the series ∞ n ′ =−∞ (. . .) one collects together terms with the same absolute value of the summation index n ′ (the Sturmian radial quantum number). Proceeding in that way, after much labor, using Eq. (3.17) and again the identity (3.47), one finds that
It is possible to achieve further simplifications. Firstly, notice that the sum of the two series ∞ n ′ =0 (...) formed by using the second and the fourth terms between the curly braces, equals zero. Secondly, we may express the remaining two series in terms of the hypergeometric functions 3 F 2 of the unit argument. Since it holds that [23, 24] 
Eq. (3.50) becomes
In the next step, we shall eliminate the first 3 F 2 function with the help of the recurrence formula
After some simple algebra, we obtain
and similarly for Z n κκ ′ (p), whereas the function F n κ (M ) is defined by Eq. (A.1). Basing on the analysis carried out in the Appendix, we have
Thus, the expression for R κ ′ can be rewritten as . (3.39) , the sum of the two considered components of the magnetizability is
where η
Finally, combining Eqs. (3.38) and (3.58), as the formula in Eq. (3.11) requires, one finds that the total magnetizability χ of the Dirac one-electron atom in the state characterized by the set of quantum numbers {n, κ, µ}, is given by
The above result gives us the magnetizability of the atom in an arbitrary state.
To verify the correctness of the expression given in Eq. (3.59), first of all, we should compare its form for some particular states of the atom with counterpart analytical formulas available in the literature. Thus, Eq. (3.59) written for states with zero radial quantum number n has the form
If the hypergeometric function is transformed with the aid of the formula
Eq. (3.62) becomes
The expression in Eq. (3.64) is identical to the formula derived by Manakov et al. [6] (see also Ref. [9] ). A very special case of the class of atomic states discussed above is the ground state. Plugging into Eq. (3.64) the values of quantum numbers, which characterize this particular state, i.e.: κ= − 1 and µ= ± 1/2, we arrive at
(the subscript g denotes the atomic ground state), in agreement with the results obtained by Granovsky and Nechet [2] , Zapryagaev et al. [3, 7, 8] and Szmytkowski [10] . In addition to the analytical calculations, we also performed numerical tests validating our general expression for χ. From the formulas (3.59)-(3.61), we have found numerical values of the magnetizability for some atomic states, which, in general, are not included in the cases discussed above. We decided not to present here all the results we have obtained numerically, but only a few tables with values of χ for some states of selected hydrogenlike ions; more comprehensive numerical data will be provided elsewhere. ) for excited states 2s 1/2 , 2p 1/2 and 2p 3/2 of selected hydrogenlike atoms. The numbers in brackets are the powers of 10 by which the entries are to be multiplied. The inverse of the fine structure constant used is α −1 = 137.0359895 [25] . ) for excited states 3s 1/2 , 3p 1/2 , 3d 3/2 and 3d 5/2 of selected hydrogenlike atoms. The numbers in brackets are the powers of 10 by which the entries are to be multiplied. The inverse of the fine structure constant used is α −1 = 137.0359895 [25] . parallel to the external field), and for Z Z c the magnetizability is negative (this corresponds to the situation, when the orientation of the induced magnetic moment and the perturbing magnetic field is anti-parallel), we have observed for states N p 1/2 (N denotes the principal quantum number).
IV. CONCLUSIONS
In this paper, we derived analytically a closed-form expression for the magnetizability of the relativistic oneelectron atom in an arbitrary discrete state. The result has the form of a double finite sum involving the generalized hypergeometric functions 3 F 2 of the unit argument. From this general formula, we obtained expressions for the susceptibility under consideration, for some particular states of the atom. For states with zero radial quantum number, we reconstructed the corresponding analytical formula found by Manakov et al. [6] [7] [8] some time ago, from which, consequently, we obtained the expression for the magnetizability of the atomic ground state, in agreement with results predicted by several other authors [2, 3, 10] . This article also contains results of numerical calculations of the magnetizability, performed by us for some other atomic states, which nearly perfectly agree with values given by Rutkowski and Poszwa [27] .
This work provides further evidence of the usefulness of the Sturmian expansion of the generalized Dirac-Coulomb Green function [11] . We have shown that utility of this method goes beyond the study of the atomic ground stateusing it, one may also obtain exact analytical expressions for electromagnetic properties of Dirac hydrogenlike ions in any discrete atomic energy eigenstate. (A.5) Now, it is known from the theory of the hypergeometric functions [23, 24] In this way, we have eliminated one finite sum from Eq. (A.1). Next, we note that the only nonzero terms in the above sum are those corresponding to k ∈ {n − M + 1, n − M + 2, . . . , n}. With this observation, we can finally write that 
